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Closed-Form Solutions for Nonlinear Quasi-Unsteady

Transonic Aerodynamics
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The existence of exact closed-form solutions for nonlinear unsteady aerodynamics is established. The full

" nonlinear unsteady velocity potential equations for an airfoil are considered. Evidence indicating why the traditional

hodograph approach is ineffective for solving these equations is provided. Therefore, a suitable mapping scheme is
employed in transforming these full nonlinear equations into the hodograph plane. A close examination of the
resulting hodograph equations reveals closed-form solutions can be obtained for the nonlinear unsteady aerodynamic
characteristics of an airfoil in potential flow. The shockless transonic results presented in this inviscid analysis show
trends that are in agreement with the results of previous investigators and available experimental data. “Dips” were
observed in the pressure distributions as the freestream Mach number is varied. It appears that there are finite
optimum reduced frequencies for the pressure distributions. This result might suggest a solution to the *“transonic
dip” problem. Perhaps an important practical consequence of this study is the possibility of employing this
approach to solve an inverse problem of designing an airfoil section with given or desired aerodynamic
characteristics. Desirable candidates for such a design procedure would include supercritical oscillating shock-free
or “transonic dipless” airfoil sections. Such airfoils, therefore, could be designed to meet both the performance and

stability criteria simultaneously.

Nomenclature Introduction

= airfoi i HE hodograph transformation has been establ.ished.as a
be - ?érsi‘)oelétsle(;;d fength and velocity of sound, Tvery vital tool with which to analyze two-dlmenS}OI}al
. = i ; nonlinear steady transonic flow problems comprehensively.
(2: ww) = rcea;;t:cstli;};nd hodograph coordinates, The significance of the hodograph representatiqn resulttsl fr_oni
= i i ; the fact that whereas the linearized equations in the physica
I?JA’JCL ; ?égiscl;f fa;leldugf:cco:r%aﬁléihrizﬁc;gely plane fail to explain certain observed transonic flow phenqm—
’ respectivelyq y ’ ena, the nonlinear equations, which more accuratel;; dc.:scrlt.)e
= i the flow, do not seem to have simple closed-form so 'utlons in
e - i::;let;?\tegow velocity and pressure, the physical plane. With the help of suitable mapping func-
J = Jacobian of the hodograph transformation tions, these nonlinear equations could be tljansformed into the
F_B = hypergeometric function and arbitrary hodograph plane,'~'* where they become linear, resulting in a
. constant, respectively possibility of obtaining closed-form solqtlons for tl.lem. Al-
0.0 = velocity ’potential and stream-function though the hodograph approach could }gtroduce d}ﬁicultles
’ quantity, respectively associated with involved boundary cor}dltlons respltmg frqm
m,i = integer a:nd square root of minus one some practical problems, many investigators bel.lev.e that its
| respectively ’ advantages, particularly in terms of physical insights, far

= ai i illati outweigh its disadvantages. _ )
Pe ?;;p‘iirtlisxlz?l’yand oscillation frequency, Outstanding contributions from various investigators havle1

i i i i t of the hodograp
= fi been responsible for th.e developmen

o iggeggsef; tio of gas specific heats, method for solving nonlinear potentlal. flow problems. The
o,V = velocity potential and vector differential early work of Molenbrock! apd Chap'lygm_2 waslccgmplemented
’ operator, respectively by the later efforts of investigators 1.1ke nghthlll ansd Guder-
LY = tranSfon;led velocity potential and stream leg* Consequently, researchers like Nieuwland, Bau_er,
’ function, respectively Garabedian, and Korn,® and Boersteel” were able to establ;‘sh
= - i i i the hodograph approach as an effective design . tool for
o ZT;fﬁiiice or nondimensionalized efficient airfoils like the supercritical shockless sections. The
O =quantities at infinity basic idea here is to suppress the boun_dary-layer separation
* = angle inclined by velocity vector and by “pushing” the shock waves on the wing toward its trailing
positive x axis edge and eventually diluting (or weakening) them as much as
T = dimensionless velocity variable possible. Sobieczky®® and his collaborators have also pre-
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sented interesting results more recently.

The hodograph transformation has been known and used
for over a century. Curiously, however, evidence from a
literature search seems to indicate that its use has largely been
restricted to the analysis of the nonlinear, steady, two-dimen-
sional flow problems like steady transonic flow.

The reasons for this restriction or why there has not been
an extension of this approach to unsteady two-dimensional or
three-dimensional flow problems also appear to be absent in
the literature as well. The implication, therefore, seems to be
that such an approach can only be used to solve steady-state
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airfoil problems like performance and not dynamic instability
problems (which require the unsteady flow solutions).

In transonic aeroelasticity, phenomena like the “transonic
dip” require nonlinear unsteady aerodynamics for their
understanding. The need to operate modern aircraft in the
transonic region, among other things, has been responsible for
the recent tremendous interest in transonic flow problems.
Acroelasticians and computational fluid dynamicists have
been investigating these problems with a good degree of
success; Refs. 15-24 are just a few examples. As a result,
numerous computer codes are now available for computing
transonic aerodynamics, many of them using various approx-
imations of the full nonlinear potential equations. In spite of
this progress, however, recent publications and presentations,
like Ref. 24, seem to indicate that a great deal still remains to
be done to thoroughly understand aeroelastic phenomena like
the transonic dip. The author, inspired by a recent experi-
ence,” shares the view held by some investigators that a more
fundamental approach could provide some of the necessary
physical insights for improving our understanding of these
phenomena. Such insights may not be readily extractable
from an analysis in which big computer codes are used.

This paper presents the results of a preliminary investiga-
tion of the unsteady transonic aerodynamics in which the full
nonlinear unsteady two-dimensional velocity potential flow
equations are employed. Evidence indicating why the tradi-
tional hodograph approach is not effective for solving these
equations is presented. With the help of a certain mapping
scheme, the nonlinear equations are transformed into the
hodograph plane. A close examination of the transformed
equations reveals that if J, the Jacobian of the transformation,
is prescribed, ab initio, the hodograph velocity potential
satisfies a linear second-order partial differential equation.
The significance of this result includes the fact that the
following results appear to be possible for the first time:

1) Exact closed-form solutions for the nonlinear unsteady
velocity potential can be obtained.

2) The solution of an inverse problem of designing an
airfoil section with given or desired unsteady aerodynamic
characteristics can be attempted.

These results, therefore, imply that it is possible to design an
airfoil that can meet both the performance and dynamic
stability criteria simultaneously.

The results shown in this paper are obtained by piecing the
fundamental solutions in a manner similar to Nieuwland’s
approach.’ From these results it appears that there are “dips”
in the pressure distributions as the freestream Mach number is
varied in the transonic region, a phenomenon that also has
been established (Ref. 24, for example) for the aeroelastic
stability characteristics. It also is observed that there appear
to be finite optimum reduced frequencies for the pressure
distributions. This, therefore, appears to agree with the trends
established by Marble®® for a quasi-one-dimensional flow.

Equations of Motion
By considering the concept of “control volume™ for a fluid
flow, it can be proved from the first principles that the
physical principle of continuity of mass demands that the
following equation be satisfied for any arbitrary volume:

0
<5+q'V>p+p(V'q)=0 n

where ¢ is the fluid-flow velocity vector, p is the fluid density,
and V is a differential vector operator.

Using a similar approach, the physical principle of the
conservation of momentum can be represented by the follow-
ing equation:

é
[Eﬂq-V)]pq +pg(V-g)=—VP ()
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By using Leibnitz’s rule and Kelvin’s theorem for an irrota-
tional flow as well as the assumption that a velocity potential
¢ exists, such that

q=V¢ (3)

in light of Eq. (1), Eq. (2) can be integrated to obtain the
following:

. 2
o Vo V¢+J" 4P g% @

ot 2 P 2
where ()., is a reference point quantity (e.g., infinity). Equa-
tion (4) is basically the Bernoulli-Kelvin equation.
By considering isentropic flow with the following relation-
ship between the pressure P and density
pp 7 =const (5)

and defining the quantity ¢ given by

=< (6)

called the speed of sound, the Leibnitz rule can be employed
to derive the following velocity potential equation from Eqs.
(1) and (4):

2
a*v3¢ —I:% (Vo -Ve) +667+V¢ —V(Ve -V¢)]= 0 (M

When Eq. (7) is expanded and the vector calculus is carried
out, the following nonlinear velocity potential equation in the
physical Cartesian coordinates is obtained:

azd) azd) 62(]5 62(1)
2_ Y ¥ 2_ W ¥ _ o
() G- H (W) G M
%9 0%
_ ——T_0 8
Yozt o ®
where
o¢ 9
u==" W= ©9)

Once Eq. (8) is solved for ¢, the Bernoulli-Kelvin equation
(4), along with Egs. (5) and (6), can be used to determine the
pressure P as a function of the velocity potential ¢. Therefore,
in terms of ¢, the pressure coefficient C,, defined by

_P-P, (10)
p yP_, M2
can be expressed as
2 y—1_,
C= s [(1+ i
. y/y—1
{1 _1V$ -9 J;z(aqs/az)]}) _ 1] an
9
where M, the reference Mach number, is given by
7%
M= oy (12)

Traditional Hodograph Methods and Exact Solutions

Early investigators like Molenbrock! and Chaplygin® were
able to show that if the steady approximation of Eq. (8) were
mapped onto the hodograph plane using the Legendre trans-
formation, it is possible to determine the exact fundamental
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solutions (to this nonlinear equation). Of course, this was a
breakthrough in the study of transonic flow. However, noth-
ing seemed to have been said about the applicability of this
type of transformation for solving the unsteady problem. In
an effort to determine if the three-dimensional form of Legen-
dre’s transformation can be used for solving Eq. (8), the
following results were obtained.

Consider the transformation

G=x{+zn+tt—y (13)

which is the Legendre transformation in three variables,
where

o ¢ ¢

= =%z i)

d oy 4
== 4 =t 14
* or z on’ ! ot a4

Equation (13) transforms Eq. (8) into its counterpart in the
hodograph space given by

(c2 - Cz)[Xml ) £%:
+ (¢ = 1) tgeHee — A2

- X'Zﬂ] + 2Cﬂ[Xq;X=r - XCtXm:]

- ZC[Xr]{Xrn - XmerE]

— 200 Kope — XenXen] = XecKom + Xy =0 (19)

Obviously, by comparing Eqgs. (8) and (15) it can be seen that
Eq. (15) does not look easier than Eq. (8). This type of
comparison, therefore, explains why the traditional approach
is not effective for solving Eq. (8).

New Hodograph Mapping Scheme

Before formulating the new mapping scheme that can trans-
form Eq. (8) into its relatively easier counterpart in the
hodograph plane, a nondimensionalization scheme, which
uses the following set of affine transformations, is considered.

Affine Transformations

t=b—t‘2 (16)
q

fe o)

¢ =‘Ioob¢0a x=bx0a Z=bZOa

Equation (16) transforms Eq. (8) into its nondimensionalized

counterpart in the affine space, given by

¢ 0’9, %9,
2ugw ° 3% 60 +(c§—wd) 200

62¢o oy B0 0%,

—2 2%y 17
0 oxaty 0 D290ty 013 (7

(5

Although b in Egs. (16) can be any arbitrary length quantity,
it is convenient, at least for computational purposes, to
choose b as the chord length of a wing section.

Equation (17) is, therefore, the nonlinear velocity potential
equation in the affine space, where

_ 3, _ 0, e
u()— axoa WO— 620’ cO_ - (183')
or
w c
=— Wo=—of, Co=— 18b
R " 4 " 4w (185)

Hodograph Transformations
Consider ¢, to be a harmonic function of the form given by

¢0 (x()sz’!O) = <I)0 (XO ’Zo)e ikto’

= @y (x9,20),

nm—e<kty<nm—e¢

nt+e<kto<(n+Dm—e (19)
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where ¢ -0, n =0,1,2,3,.... This is essentially a quasi-unsteady
assumption. Therefore, it can be argued that this analysis is
not really unsteady. Clearly a response to that argument is
that the analysis is probably the first one in almost one
century to show that transonic (nonlinear) flows other than
two-dimensional or unsteady one-dimensional flows can be
studied in the hodograph space. It thus provides an aspect of
transonic flow that has never been seen before. If this assump-
tion seems crazy to some readers, it should be noted that it is
not without precedent. For example, this assumption is not
likely to be crazier than the famous von Karmin-Tsien
assumptions that led to the definition of a gas known as
“Karman—Tsien” gas. This gas has the ratio of the specific
heats to be equal to —1, i.e., y = — 1. However, the Karman—
Tsien’s approximation did provide good benchmark results
that compared favorably even with experimental results. The
analysis received the blessing of such important scientists as
Sir M. J. Lighthill—particularly pp. 367—373 of Ref. 28.

A second example is the fact that the so-called small-distur-
bance theory approximation has been known to give good
results. Therefore, it would seem that the primary (most
important) thing in any transonic flow analysis is the preser-
vation of the flow’s nonlinear character. Every other thing
seems to be secondary.

Furthermore, it should be pointed out that as a conse-
quence of the assumptions in Eq. (19), if the steady-state
solution ¢, (x,,z,) has shocks, such shocks would be retained
in the quasi-unsteady solutions as well.

Finally, perhaps it also should be remembered that all of
the transonic flow equations (and, indeed, all mathematical
physics equations), including the Navier Stokes equations, are
all approximations.

The nondimensionalized frequency (or Strouhal number) k&
is, as a result of Egs. (16), given by

=22 (20)
oo

where w is the circular frequency of oscillations. If Egs. (19)
and (20) are substituted into Egs. (17), the following equation
is obtained:

52¢o 3%, 2¢

W, +(ci—w
U Oaxoazo ( o)

= 2ik(ug +wd) (21)

(ch—ud) 7 0 +k2¢0

Equation (21) also can be written in the following manner:

PR 24 a2
¢o 0*¢o ¢y

—2 2 2
uowoaxoazo+(co wi) = 922 + k2

(Co—uo)

= 2ikg? (22)
where ¢,, the resultant velocity, is given by‘
qo=us+wj (23)

Now consider the following transformation:

Yo = UgXo + WoZo — Py 249
where
%o o
=—, = — 25
0= Bu, 0= B, (25)
Xo = Te™" (26)

When Egs. (24-26) are substituted into Eq. (22), the
following equation in the hodograph plane must be solved to
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obtain the transformed velocity potential:

@ ke L@ g
ox o7
kZJ AN —_ 27
[au ¥ o X] 0 27
where

o0
i® o= (28)

Xo 0z,

and ¢ and J are the nondimensionalized steady-state velocity
of sound and Jacobian of the transformation, represented by
Egs. (24-26), respectively.

From Eq. (27), it is seen that if the Jacobian J is prescribed,
ab initio, the resulting linear equation can be solved closed-
form to determine the exact fundamental solutions for the
transformed potential ¥ and, hence, ¢. Consequently, these
solutions can be pieced together to determine the shape of an
airfoil. Notice that the familiar steady hodograph equation
can be recovered from Eq. (27) if & is set equal to zero. It also
should be noted that the presence of the Jacobian in Eq. (27)
should not necessarily be considered as an added problem in
comparison to the steady hodograph equation in which the
Jacobian does not appear explicitly, since its behavior must be
studied in both cases in order to ensure unique solutions.

Solution Methods

Although Morawetz?® has shown that continuous solutions
for Eq. (27) (steady-state approximation was used to arrive at
this conclusion) for a closed body in the transonic regime do
not exist, investigators like Nieuwland® have shown that
fundamental closed-form solutions of the steady approxima-
tion of Eq. (27) can be pieced together employing the appro-
priate boundary conditions to obtain interesting transonic
flows over airfoils. In this paper an effort is made to obtain
closed-form fundamental solutions of Eq. 27, which are con-
sequently pieced together after the appropriate boundary
conditions are enforced to study some steady and unsteady
transonic flows.

Polar Coordinates

In an attempt to obtain fundamental solutions of Eq. (27),
it is helpful to transform this hodograph equation of motion
into a polar coordinate system.

Consider the following transformations:

i =g cosf, w =g sinf 29)

Equations (29) transform Eq. (27) into the following polar
coordinate counterpart:

e -
q q
+<k 2—_’)]@1 +<k 3_{)3 —0 (30)
q q

where J is now the Jacobian of the transformation into the
polar coordinates whose relationship to J can be seen as
follows:

_ 0(x9,20)
= —6(12,W) (31a)
¥ a('XO’Z())
= 31b
=30 G1o)
6(X,Z) _ a(xmzo) . a(qao) (32)

o@w)  4g0) oW
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_ 7280 _J (33)
ouw) g

To study the fundamental solution of Eq. (30), consider a
flow in which

J=J@q) (34)
Therefore, a general solution of the form
¥ = Q(q) cos(mf + ¢) (35)

can be assumed for Eq. (30) in order to obtain the following
equation for Q(g).

conril(3f-1+(e2) e,
(e o

Equation (36) can be rewritten in a slightly different manner
if the following definition is employed:

M=

LIRS

(37

where M is the local Mach number.
Equation (36), in light of Eq. (37), becomes

G°Qu + q‘[l — M2+ M2<k2 Z)]Qq
[(1 — M¥)m* + MZ(k2 ):lQ 0 (38)

Equation (38) must be solved to obtain the transformed
velocity potential § and, hence, the physical space velocity
potential ¢. A similar approach can be used to show that the
following equation must be solved to obtain the transformed
stream function given by

Y = —Q(g) cos(mb +¢) (39)
ic.,
7’0z + qlil + M2+ M2<k2 Z)] o
- [(1 — M*m? + M2<k2 9]@ =0 (40)

In general, Eqs. (38) and (40) are hypergeometric and,
hence, can be satisfied by combinations of power and loga-
rithmic series. Finding solutions to the flow around a closed
body, therefore, becomes dependent on piecing these types of
series correctly. Employing such fundamental solutions to
construct the overall solution is obviously preferable to using
arbitrary series, since these fundamental solutions are “solid”
in that they satisfy the equation of motion.

In order to transform Egs. (38) and (40) into the familiar
hypergeometric form, consider a reference ¢* given by

2 _ y+1~2 7_1—2

¢ 7 9x— 51 (41)

and a change of independent variable given by

R YEAS
rzm(g;) (42)
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Equation (42) transforms Eq. (40) to the following

-0, +[1-C2=F o,

m__2 [1 _M]Q‘ =0 (43)
47 y—1

An exact fundamental solution of Eq. (43) can be given by
0 =B,T™*F,(%) (44a)
where
¥ = B, 7™ F,(7) cos(mb +¢) (44b)
where B,, are arbitrary constants to be determined by the

boundary conditions of a particular flow problem, and F, (T)
satisfy the following hypergeometric equations:

0%F, 1+ k27, OF,
- _ = m n 1— — m
H1—1) 77 +|:m+1 (m+ 7)}_1 )t:l—af
+ g(m + 1)(m + k2J)F,, =0 (45)
where

An F,, satisfying Eq. (45) is a hypergeometric function
given by
I ab
F(?) = F@ah; d;79) = 1 +1%7f
a@+nhb+1) _,
AT TT e 46
1 2-dd+n ° T (48)

where

B

a+b=m—p+k%,); dl?:—a(m+1)

(m+k¥,), d=m+1 (47)
In terms of the velocity potential, the fundamental solution
is

2% 0F, (%)

{=—B,T™(1-17) —ﬁ[F,,,(f) + =
moT

] sin(mf + €) (48)

Equations (44) and (48) represent some exact fundamental
solutions for the stream function and velocity potential, re-
spectively, in the hodograph plane. In the examples shown in
this paper, the stream function solutions were used in con-
structing the flow solutions.

Computed Examples

The examples computed in this paper consist of the pres-
sure variations with Mach numbers and Strouhal numbers
(reduced frequencies) for some chosen points on a flat plate in
a transonic flow and what may be considered as a preliminary
attempt to compute the steady and unsteady transonic pres-
sure distributions around a 70-10-13 supercritical wing section
designed in the early seventies by Bauer, Garabedian, and
Korn.® The procedure basically consists of trying to construct
compressible (transonic) flows using incompressible flows
around an elliptical cylinder resulting in a shape different
from the cylinder with the help of the exact fundamental
potential flow solutions above. This procedure has been thor-
oughly documented by Nieuwland® for the steady flow prob-
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lem. Hence, no attempt has been made in this paper to
redocument the basis of this approach. Therefore, readers are
referred to Ref. 5. Suffice it to say that the approach involves
a lot of “bookkeeping” and patience. Furthermore, it must be
pointed out that this procedure can (and should) be better
automated. This endeavor is currently in progress.

The flat plate results shown in Figs. 1-6 have basically two
main features:

1) Dips in the pressure distributions when the Mach num-
bers are varied in the transonic regime seem to agree with the
general trends in the behavior of transonic characteristics such
as the lift coefficient, the so-called transonic dip, which is
basically the loss of aeroelastic stability at transonic speeds.

2) The pressure distribution at a particular Mach number
at a particular chord length seems to have an optimum
reduced frequency (Strouhal number).

100-1
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Fig. 1 Pressure coefficient vs Mach numbers for a flat plate.
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Fig. 3 Pressure coefficient vs Mach numbers for a flat plate.
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Fig. 4 Pressure coefficient vs reduced frequency for a flat plate.
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Fig. 6 Pressure coefficient vs reduced frequency for a flat plate.

Marble?® has shown similar trends for a quasi-one-dimen-
sional flow. The result shown in Fig. 7 for a 70-10-13 super-
critical airfoil designed back in the early seventies,® which is
preliminary in nature, seems to indicate the feasibility of using
the approach outlined in this paper in designing unsteady
aerodynamic characteristics for an airfoil. The pressure distri-
bution for the supercritical airfoil, 70-10-13 shown in Fig. 7,
is for a freestream Mach number of 0.7 and a lift coefficient
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1.2 J-

0.8

0 0.5 1.0

Fig. 7 Pressure distribution on a 70-10-13 supercritical airfoil.

(C;) =0.98, and the airfoil has a thickness ratio of 0.127. The
angle of attack for the steady computation was 0 deg. For the
unsteady computations it is assumed that k7, = 0.1, and that
the airfoil is oscillating about the half-chord with a pitch
amplitude of 1 deg. The main significance of Fig. 7 is that the
approach outlined in this paper can be used to accurately
compute the pressure distributions for supercritical airfoils,
since these pressure distributions compare very well with the
results obtained in Ref. 6 for the steady flow and also
compare favorably with results of Ref. 15 for the unsteady
flow. Because of the fact that the analysis in this paper is
preliminary in nature, a more general set of conclusions would
have to await more refined computations that are anticipated
in the near future. Finally, it must be pointed out that the
results presented in this paper are basically shockless inviscid
results. Therefore, the plots shown for Mach numbers greater
than unity can only be approximations to the weak shock
solutions.

Concluding Remarks

This paper has attempted to establish the existence of exact
closed-form fundamental solutions to the two-dimensional
nonlinear unsteady potential aerodynamic equations. Evi-
dence indicating why the traditional hodograph approach is
not effective for solving the nonlinear unsteady two-dimen-
sional flow equations is presented. Therefore, suitable map-
ping functions are employed to transform the nonlinear
potential flow equations into the hodograph plane. An exam-
ination of the transformed flow equations in the hodograph
plane reveals that if the Jacobian of the transformation is
prescribed ab initio, the exact closed-form fundamental solu-
tions for the velocity potential and stream functions can be
obtained. It is seen that such Chaplygin solutions can be used
in conjunction with the incompressible flow around elliptical
cylinders to construct transonic flows over interesting shapes
with the help of a methodology developed several decades ago
by investigators such as Lighthill> and Nieuwland® for steady
flows. Computations of the pressure distributions for certain
points on the flat plates seem to indicate that dips exist in the
pressure distributions as the freestream Mach numbers are
varied in the transonic regime. The results also seem to show
the existence of optimum reduced frequencies for the pressure
distributions. A steady and an unsteady pressure distribution
are also computed for a 70-10-13 supercritical airfoil designed
back in the early seventies.® Although the approach needs
more efficient automation, the results computed show that it is
feasible to use this approach to solve the inverse problem of
designing airfoils with desired unsteady aerodynamic charac-
teristics. This, therefore, implies the possibility of designing
airfoils that satisfy both the performance and stability criteria
simuitaneously.
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